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COMMON SENSE AND MAXIMUM ENTROPY

ABSTRACT. This paper concerns the question of how to draw inferecmesnon sensi-

cally from uncertain knowledge. Since the early work of Shore and Johnson (1980), Paris
and Vencovska (1990), and Csiszar (1989), it has been known thitatienum Entropy
Inference Processs the only inference process which obeys certain common sense princi-
ples of uncertain reasoning. In this paper we consider the present status of this result and
argue that within the rather narrow context in which we work this complete and consistent
mode of uncertain reasoning is actually characterised by the observance ofjogtea
common sense principle (sfogan.

1. INTRODUCTION

The practical need to understand uncertain reasoning, that is, how to rep-
resent and draw conclusions from uncertain knowledge or beliefs, arose
about 15-20 years ago with attempts to build what were called at that time
Expert Systemdo take the particular case of, say, a general medical expert
system, the idea was to provide a computer with medical knowledge base
so that in order to diagnose a patient’s iliness it would be enough to simply
type into the computer the patient’s symptoms, signs, gender, age etc. (in
other words the information apparently available to the doctor at a consul-
tation) and have the computer (now referred to as an Expert System) use
its ‘knowledge’ to give a, possibly qualified, diagnosis, much in the way
a doctor does. The two key problems then are acquiring the ‘knowledge’
with which to fill the computer and then programming the computer to
correctly apply this knowledge to the problem in hand.

As a first step towards achieving this we could argue that on the face
of it the doctor him, or her, self acts just like such an expert system, so
it should be enough to extract ‘the general knowledge the doctor uses in
diagnosing’ and to discover what the trick is of combining this with the
patient’s signs, symptoms etc. to come up with a diagnosis.

Now if we were to ask the doctor what knowledge he/she was using
during any particular consultation the initial answer would probably be
some set of rules or causal links, such as,

Memory loss in the elderly is not uncommon
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Constipation is sometimes the result of memory loss

and, possibly, simple statements about frequencies of various conditions,
for example,

Most of my patients are hypochondriacs.

Pressing the doctor to be a little more precise here, s’lhe may be pre-
vailed upon to re-express such assertions in terms of the probabilities s/he
would be willing to assign to various events. For example s/he might
rephrase this last statement to:

I'd give probability 4/5 to the next patient through my door
being a hypochondriac.

Considerations such as these have led to the simple picture, or model, of
an intelligent agent’s knowledge, here the agent is the doctor, as consisting
of a (finite) set,K say, of assertions of the form

Probability thatX holds given that’ holds isc or ProlX|Y) =c¢
or, even, simply,
Probability thatX holds isd or ProkX) =d

wherec, d etc. lie in the interval [0, 1], and, in the case of the above-
mentioned doctor’'s knowledgé, Y, etc., stand for various combinations

of signs, symptoms, conditions etc. That is, the agent’s knowledge is pic-
tured as simply a set’ of probabilities, or more precisely as constraints
on a probability function and its corresponding conditional probability
function,

Prol( ): S£ — [0, 1]
Prok(|) : S.£ x S£ — [0, 1],

where SL are the set obentencesor propositions built up from some
finite set.L of propositional variables using the connectiaesl (A), or
(v), andnot (=).1

Two points should be emphasised here. Firstly in this model we are
assuming thak is the the sum total of the agent’s knowledge, it is not
a summary of the agent’s knowledge, ital there is. This assumption
(referred to as the Watt's Assumption in (Paris 1994)) will be crucially
important in what follows.
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Secondly, we are thinking of these probabilitiepassonatto the agent,
as reflected, say, in the agent’s willingness to bet on the outcomes. Of
course in the case we have been considering of a doctor’s knowledge about
the patients attending his/her clinic, there would appear to be a notion of a
true, or correct probability, for example in the case of hypochondriacs the
proportion of patients attending the clinic who suffer from hypochondria.
However we shall make no assumption here that the agent’s (in this case
the doctor’s) probabilities agree with any ‘correct’ ones (if indeed such
even exist).

In practice, of course, such figures as actually supplied by a doctor may
fall short of the defining requirement for being probabilities %), that
is that the functions Prob( ), Prdb(take values in the interval [0, 1],
Prob( ) satisfies that fat, ¢ € SL,

(P1) if =6thenProbf) =1,
(P2) if = —(6 A ) then Prob§ v ¢) = Prob@) + Probg),
and that Prohj is related to Prob( ) via the identity

Proh(@|¢) - Prob(¢p) = Prob® A ¢),

(which forces Probf|g) to also satisfy the defining conditions (P1)—(P2)
for a probability function provided Propf # 0).

Nevertheless, we shall idealise here and make the assumption that our
intelligent agent’s knowledge base has this form. Having done this we
might now ask, how much practical use&sto the agent? For example,
in the case we are considering of a medical expert system, if we elicited
from the doctor a knowledge bagé as above, (which is supposedly a
copy of the doctor’s knowledge), would this be sufficient to determine all
further probabilities (say of various conditions given various combinations
of signs symptoms etc.), and hence enable the computer to simulate the
doctor as far as diagnosis is concerned?

Unfortunately, it would be very unlikely in practice th&talone would
suffice to determine all other probabilities. In other words there would
usually be a range of different probabilities which could consistently be
assigned on the basis of this knowledge base, equivalently, there could be
many different probability functions Prob dht satisfying the constraints
K.

The reason for this is that the function Prob is determined by the vector

Prob<« (Prob(ay), ..., Probay))
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of its values on thatomsu; of the language, where, fof = {p4, ..., p.},
the atoms are all the sentences of the form

+p1 Axps AL AEp,.

Now in even a very modest expert systenwill be in the tens so that
2" will already be astronomic and it would (in general) be very much the
exception ifK, which would rarely contain more thaf (n*) constraints
for some smalk, would determine Prob uniquely.

Assuming then, as we do, th&t sums upall the agent’s knowledge
the agent must go beyond simply the constraints, as sudk,ifrs/he is
to determine a total, personal, probability function $h. One way the
agent might achieve this is by appealling to somigher principles, or
rules, of uncertain reasoninig generate, or infer, new knowledge from the
knowledge bas& s/he does possess. And where to find such principles?
Well, we would claim, that some such ‘principles’ already have a name.
They are calledommon sensand it is in this direction that we now turn.

2. THE SYMMETRY PRINCIPLE

In the mid 1980’s Alena Vencovska and myself, began making a collection
of so calledcommon sense principles uncertain reasoning (see Paris and
Vencovska 1989, 1990, 1996a, 1997; Paris 1994). Some of these were,
apparently, new, some already existed, under different names, in the litera-
ture, in particular in the work of Shore and Johnson from the early 1980's.
Over the intervening years further investigation into the relation between
these apparently diverse principles have shown that they can actually all
be viewed as special examples of one grand principle, which seems, self
evidently,common sensical his unifying principle was clearly stated (but
afforded only the status of a slogan!) by Bas van Fraassen (1989) in the late
1980’s as follows:

THE SYMMETRY PRINCIPLE. Essentially similar problems should have
essentially similar solutions.

The principle applies to our situation in that our ‘problem’ (more pre-
cisely the agent’s problem) is one of assigning probabilities (subject to
the constraints put on these by the knowledge). The principle says that
whatever way probabilities are assigned essentially similar probabilities
should be assigned in essentially similar situations. So the principle says
nothing, directly, aboutvhat probabilities should be assigned, only about
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the processof assigning probabilities. Nevertheless, as we shall see, it
does. indirectly, have a profound influence on what probability values can
be assigned.

By taking various interpretations of what we mean by ‘essentially simi-
lar’ this one principle yields a number of other, common sense, principles.
The plan for the remainder of this section is to state some such principles
informally and give everyday examples which are intendsayj to illus-
trate the underlying idea. In the section following the key consequences
of abiding by these principles, and a ‘practical’ example will be given,
again within an informal setting. In the final section a precise mathematical
formulation of these principles and consequences will be presented.

We start our list of principles with the:

RENAMING PRINCIPLE. Changing the names we call things should not
change the probabilities we assign to them [- because this doessit-
tially change the problem].

Example What probability should we assign to a standard six sided die
landing six?

Since the problem is essentially the same if we interchange six with any
other number on the die the probability we assign to a six coming up should
(according to the Symmetry Principle) be the same as the probability we
assign to any particular one of the other five numbers. Since exactly one
of them must come up each of these (and in particular a six) should get
probability 1/6.

Notice that this argument is based entirely on the symmetries in the
situation, it has nothing to do with the the frequency of sixes in a series
of throws of the die (which might somehow be considered to reflect the
correctprobability).

IRRELEVANT INFORMATION PRINCIPLE. Knowledge entirely irrele-
vant to the problem in hand can he ignored [- becausériessentidl

Example Suppose | asked you what probability you would assign to
Manchester United repeating their phenomenal successes of recent years
by winning the league again this season, and to help you in your delib-
erations | supplied you with the 1955 tide tables for Lowestoft and the
surrounding coastal resorts.

Doubtless you would, quite reasonably, feel that these 1955 tide ta-
bles for Lowestoft and the surrounding coastal resorts were irrelevant, or
inessentigl information which could safely be disregarded in corning to
your conclusions. And doubtless, if you were a keen supporter of some
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other Premiership team you would also tell me what to do with my 1955
tide tables for Lowestoft and the surrounding coast resorts!

OBSTINACY PRINCIPLE. Receiving evidence supporting what one al-
ready thinks should not cause one to alter one’s views [— because that
evidence is effectively redundant, so inessential].

Example Suppose | am absolutely sure that my window cleaner did not
actually clean my windows this morning. My neighbour, who spent the
day lolling in a deck chair on the back lawn, confirms that he certainly did
not clean my back windows. In that case | should continue to believe that
he did not clean my front windows either.

In terms of the Symmetry Principle my neighbour’s evidence does not
essentiallychange the ‘problem’ | have, (of what probability | should as-
sign to the window cleaner having not cleaned my front windows), since |
had come to the conclusion, in any case, that he had not cleaned my back
windows. In other words, since my neighbour was not telling me anything
| did not already believe, her information, in that sense, gave me nothing
new, and so should certainly not cause me to alter my beliefs.

RELATIVISATION PRINCIPLE. Very roughly, the probabilities one
would give if some event occurred should only depend on the knowledge
one would have if that event occurred.

From the point of view of the Symmetry Principle the knowledge |
have about the world if the evedbes nobccur is irrelevant, oinessential
when it comes to the problem of deciding what probabilities to assign when
the eventdoesoccur. [This principle assumes that the knowledge comes
conveniently divided into these forms, together with the probability of the
event itself.]

Example Suppose | stagger out of a bar at closing time and for the life
of me | cannot remember what day it is, any day of the week is as likely as
any other as far as | am concerned. Should | wait at the bus stop, or should |
attempt to walk home? The trouble is, if itis Sunday | would be wasting my
time waiting because the last bus on Sunday is 1.00 pm in the afternoon.
On the other hand there are late buses on all the other nights and if | knew
it was not Sunday | would feel confident enough about getting a bus that |
would wait, rather than run the risk of having the pavement rear up at me
on the long walk home. Just then | see a sign on the bus stop to say that
the 1.00 pm bus on Sundays will be subject to serious delays for the next
two weeks. Appreciating the full relevance of this expression | might now
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be encouraged to wait, no matter, but in any case it should not cause me to
alter my view thaif it is not Sunday then it is worth waiting

EQUIVALENCE PRINCIPLE. Two knowledge bases which express the
same knowledge (in the sense of the constraints they impose) should en-
gender the same probability assignments [- because they are essentially
similar].

Example Suppose my room mate tells me that today he plans to toss
a (fair) coin. If it comes down heads he says he will then toss a second
coin and fatalistically accept that he should continue with his resolution
to quit smoking only if this second coin also lands heads. In this case the
probability | should assign to him breaking his resolution today should be
the same as if he had told me that he planned to toss both the coins and
would continue his resolution if they land HH, whilst breaking it if they
land HT, since as far as | am concerned my knowledge in the two cases is
essentially the same.

CONTINUITY PRINCIPLE. Microscopic changes in the knowledge base
should not cause macroscopic changes in the probabilities assigned
[~ because the two problems are essentially similar and so should have
essentially similar solutions].

Example | have been playing poker all night with a most amazingly
lucky opponent. Towards daybreak however, | start to wonder if he is not
maybe making his own luck, in short, cheating. At that point he deals me
three queens, and | again anticipate that, as has almost invariably happened
before this session, | will be led on by the strength of my hand to raise the
stakes higher and higher, only for him to come out on top with even better
cards.

But for once | win the hand. Should this allay my fears that he has been
cheating? Well, very slightly perhaps, but really only as a drop in the ocean
given the magnitude of his good fortune overall.

In terms of the Symmetry Principle the problem of assigning a proba-
bility to my opponent being a cheat after this hand is, given the long night
behind us, very similar to the same problem before that hand, and should
therefore have a very similar solution. In other words, this comparatively
microscope new piece of evidence should not have a macroscopic effect
on the probabilities assigned.
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WEAK INDEPENDENCE PRINCIPLE. [A precise formulation of this
principle will be given in the Section 4. For the present we shall content
ourselves with an informal example illustrating the underlying idea.]

Example | read the paper and learn that according to the statistics my
chance of winning a fortune on the lottery in my lifetime is 200,000 to 1
whereas my chance of being murdered is 200 to 1. At this point | form
an opinion as to the chances of my winning the lottery and subsequently
being murdered. Reading on | learn that my chances of being killed as the
result of a nuclear accident are currently estimated to be only 50,000 to 1.
Comforting as this may be, this new revelation should not alter the opinion
| had previously formed, since, as far as | am aware, it is independent of
my winning the lottery.

In terms of the Symmetry Principle this additional information gives
nothing new relative to the problem of assigning a probability to winning
the lottery and being murdered, and so should have no effect. Notice that
here the additional evidence, in short that my probability of being killed
as the result of a nuclear accident is 50,000 to 1, is not ‘irrelevant’ in the
sense of the irrelevant Information Principle, since clearly | cannot both be
killed as the result of a nuclear accident and be murdered. [This distinction
will be clearer later when we give formal versions of these principles.]

3. THE MAIN THEOREM

In the previous section we presented some seven ‘common sense’ prin-
ciples of uncertain reasoning as special cases of the Symmetry Principle.
Whilst these were presented informally they can, as we shall see in the
next section, be given a precise mathematical formulation.

Clearly observance of each of these principles restricts the probabili-
ties that can be assigned. So much so, that, remarkably, within the formal
mathematical framework we are able to prove (Paris and Vencovska 1990,
1997):

THEOREM 1. Observance of the seven principles of Renaming, Irrelevant
Information, Relativisation, Obstinacy, Equivalence, Continuity, and Weak
Independence, all of which may be viewed as special cases of the Symme-
try Principle, allows no freedom of choice in the probability values which
can be assigned (on the basis of such knowledge isas above).

In other words, observance of these principles, completely determines
all other probabilities.
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In fact, it turns out that these probability forced to assign on the basis
of such a knowledge bas€ and adherence to the seven principles are
precisely those given by thdaximum Entropy solutioto K. To explain

this, recall that the probability function Prob is determine by the vector in
R,

(Prob(ar), . . ., Prob(aon)).

The Maximum Entropy solutiomo the knowledge (i.e. constraintg) is
that solution Prob t& for which the entropy,

on

— " Prola;) - log(Probe)),

i=1

is maximal.

This notion is, of course, already well known in thermodynamics and
information theory. The fact that this old friend appears also here as a
distant consequence of the Symmetry Principle is both pleasing and in-
triguing.

In the next section a precise mathematical formulation of the principles
and the above theorem will be given. Firstly, however, we will present,
informally, a simple, and, admittedly, highly contrived, example of this
theorem and the way the principles can be made to work.

For this example let us suppose that you are locked away in some dark
dungeon with two fellow prisonersy and B say. All you have been told
about the situation is that

(1) Atleast one of you oA will be spared.
(2) The Governer plans to roll a fair die. If it comes up 6 both you &nd
will be executed. Otherwise at least one of you will be spared.

So, the question is, what probability, should you give to your being spared?
To answer this using just these ‘common sense’ principles, suppose first
that you only knew (1). Then there are exactly three outcomes here:

O1: You andA both spared
0,: You spared A executed,
O3: You executedA spared.

because the knowledge (1) tells you that “You antoth executed’ won't
happen. Rephrased in this way the knowledge amounts to just

Exactly one of0,, O,, O3 will happen.
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Now there is complete symmetry here betwe2n O,, O3. Thus, on
the basis of this knowledge, the problem of giving a probabilityotois
essentially the same as the problem of giving a probabilitpidgor O3).
Hence, by Renaming, since one of the three of them must occur we con-
clude each has should have probability 1/3. Thus, invoking Equivalence,
the probability that you should assign to your being executed (on the basis
of (1)) i.e., thatO3 will occur, should be 1/3, and the probability that you
should assign to being spared, i.e. the probability that orn@,0i0, will
occur, should be 1/3 + 1/3 = 2/3.

The principles then forces us to come to the conclusion that, purely on
the basis of knowledge (1), your probability that you will be spared should
be 2/3, equivalently, your probability that you will be executed should be
1/3.

But what about the other piece of knowledge, (2), that we have so far
ignored, that the Governor will roll a die and both you aBdwill be
executed just if it lands 67?

Well, for a moment, consider instead the knowledge base:

(1) Atleast one of you oA will be spared.
(3) The probability that you will be executed is 1/3.

Since, as we have already seen, (3) was exactly what should have con-
cluded on the basis of (1) alone, (3) is actuallyim@ssentialaddition to
this knowledge base, so that, by Obstinacy,

Your conclusions on the basis of (1) alone should agree with
those formed on the basis of (1) + (3).

Now (1)+(3) can be re-expressed as

(1) Atleast one of you oA will be spared.
(3) The probability that either you will be executed aBdwill be exe-
cuted, or you will be executed ar®iwill be spared is 1/3.

Clearly this actually says nothing abaoBt indeed there is again com-
plete symmetry here betwedh being executed and being spared; if we
were to transposeB executed’ everywhere withB spared’ we would
get back exactly the same knowledge base. Thus, as an application of
Renaming (and Equivalence), botlou executed anB executetiand ‘you
executed an® spared should get the same probability on the basis of (1)

+ (3). Furthermore, since these two probabilities should together sum to
1/3 , we see that they should each get value 1/6. But, as we have already
seen, (3) is an inessential addition to (1), so by Obstinacy you should give
‘you executed anft executetprobability 1/6 on the basis of (1) alone.
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But now, since the Govenor’s die is fair, (2) amounts to saying that the
probability that both you an® will be executed is 1/6, which is exactly
what we have just reasoned that it should be on the basis of (1) alone.
Hence adding (2) to (1) only adds inessential information, inessential be-
cause you (should) believe it in any case. So, as an example again of the
Obstinacy Principle, the probability you give to ‘you being spared’ on the
basis of the knowledge base (1) + (2) should be the same as the probability
you give it on the basis of (1) alone — which we have already reasoned
should be 2/3, and we have our answer.

Of course this was a dreadfully simple (and contrived) example. How-
ever, the fact is, as the theorem tells us, thatlbsuch knowledge bases
(and we will make this precise in the next section), appealling to our seven
common sense principles will always lead one to a unigue probability as-
signment. Indeed, the proofs of the main theorem in (Paris and Vencovska
1990) and theorem 6 of (Paris and Vencovska 1997) (see also (Paris and
Vencovska 1996b)) show that we have even more than that: For all practical
purposes (more precisely, provided our knowledge could be expressed us-
ing explicitly only rational numbers) we can actually deduce these unigue
values using step by step arguments such as in the above example.

Furthermore, although we initially introduced the whole discussion
from the point of view of someone attempting to build a medical expert
system, it is clear from the example that this result applies in general to
any intelligent agent who’s knowledge is of this form. In particular, if
we assume thatur knowledge is of this form (as it was in the prisoner
example), then it applies to us.

One comforting consequence of this then, is that if we all have the
same, or similar knowledge, about some issue and we all act common-
sensically, then we should all come to similar conclusions. Turning this
on its head then, if someone seriously disagrees with yawcan explain
this either bytheir lack of background knowledge, or becatiseyare not
using common sense!

In view of this theorem, it would now seem that our problems are
now solved: If our expert system, or intelligent agent, has a knowledge
basek of this form then the application of common sens&tainiquely
determines all other probabilities (and so enables such an expert system
to give consistent, indeedgeally sensible qualified diagnoses for any
combination of signs, symptoms, etc.).

So, is that it then, nothing more to say, all sewn up? Unfortunately not.

The flaw is that whilst the theorem tells us that there are unique, ideal,
probabilities we should give if we are to obey ‘common sense’ (and have
our knowledge in this form), the theorem giwsno obviouspractical way
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of computing these probabilitied) general In short the general problem

of assigningany probabilities consistent wittk (not necessarily these
maximum entropy values even) is computationally intractable (assuming
P # N P), even if we only want approximate values, and then only ‘most
of the time’ (assumingRP # N P), see (Maung and Paris 1990; Paris
1994).

So here we find ourselves in a quandary. We know what we should do,
indeed to do anything else requires us to act in contravention of common
sens, yet, at the same time, we can't do it except in rather special, simple,
circumstances. Circumstances which, in the real, highly complicated world
we live in, we would almost never actually encounter.

And, if acting ‘common-sensically’ is identified with intelligencas
we maintain it should be when the knowledge is of this fdalman this
amounts to saying that in such situations we cannot hope to act intelli-
gently, except possibly in rare flashes of inspiration!

4. MATHEMATICAL FORMULATION

The results of the earlier sections will now be reformulated, precisely,
within a formal mathematical framework, following the presentation given
in (Paris and Vencovskéa 1997).

Throughout letZ stand for the countably infinite set of propositional
variablesp1, po, ..., pa, ..., n € N, let SL denote the sentences biuilt
up using the connectives, v, — and letSL(p,,, ..., p;,) denote the set
of sentences of the finite sublanguageZofvith (distinct) propositional
variablesp;,, ..., p;,. We will use#, ¢, ¥ etc. to denote sentences. Let
B(pi,, ..., pi,) stand for the Lindenbaum Algebra 8i.(p;,, ..., pi,), SO
the elements of this algebra are the equivalence classes

0_ = {(p € SL(pil’ ce ey p:,,)l(P = 9}

whered € SL(p;,, ..., p;,) and= stands, as usual, for logical equivalence
and the operations of complement)( meet (\), and join () are defined

by
(@) =(—=0), OAg=(0OAp), OVG= (V).

As usualg is anisomorphisnbetweemB (p;,, . .., p;,) andB(pj,, ..., Pj.),
written

g: B(piy,....pi,) =B(pj,---, Dj)s
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if g is a bijection from@16 € SL(pi,, ..., pi,)}10{616 € SL(p;,, ..., pj,)}
(so, necessarily; = m), such that for alb, ¢ € SL(p;,, ..., pi,),

g(=0) = —g(0), gO A p) =gO) A g(®),
gO V) =g®) Vv g@).

An automorphismof B(p;,, ..., p;,) is an isomorphism oB(p;,, ..., p;,)
with itself. The (distinctiatomsof the Boolean algebr&(p;,, ..., p;,) are
the equivalence classes of the &oms ofSL(p;,, ..., p;,) (recall these
are the sentences 6 p;,, ..., p;,) of the form=*p, A£p;, A--- AEp;).
Clearly, from the Disjunctive Normal Form Theorem every element of
B(pi,. - -, pi,) Is a unique join of these atoms. Hence, since an automor-
phism of B(p;,, ..., p;,) must map atoms to atoms, it is clear that every
automorphism determines, and conversely is determined by, a unique per-
mutation of the atoms oB(p,, ..., p;,) equivalently ofL(p;,, ..., pi,).
In what follows therefore we shall specify automorphisms simply by their
actions on the atoms.

Recall that from the earlier sectiomsis aprobability functionon SL
(and similarly forSL(pi,, ..., p;,)) if w: SL — [0, 1] and for allg, ¢
SL(SL(piys - - Pi,)),

(Pl) if=6thenw®) =1

(P2) if =—(0 Ag)thenw(® Vv ¢) =w(®) + w(p)
As shown in (Paris 1994) page 10 (for example), simple consequences of
(P1)—(P2) are that fat, ¢ € SL(SL(piy, --.,Pi,)),

() If =6 thenw(®) = 1andw(—6) = 0.
(i) If 6 = ¢ thenw(0) < w(p), and if6 = ¢ thenw (@) = w(p).
(i) w@ Vo) =w®) +wlp) —wd Ap).
In what followsw, wq etc. will be used for probability functions.
Notice that ify € SL(p;,, ..., pi,) then, by the Disjunctive Normal
Form Theorem,

v=\/ 8.
j=1

for some distinct atomsg;, of SL(p,, ..., p;,), S0 by (P1)-(P2) and (ii),
for w a probability function orSL(p,, ..., pi,),

r

w¥) =Y w(B:).

j=1
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By (i) then,

on

dow@)=1
j=1

and we see thab is determined by

on

(W(BY, ..., w(Ba)) € { Flxg,..ox 20, Y x;=1¢,
j=1

and conversely everyt in this set determines a unique probability func-
tion w, a fact we mentioned earlier.

For w a probability function on SL(p,...,p;) With
¢ € SL(piy, ..., pi,), w(p) # 0, the conditional probability function
w(—le): SL(pi,, ..., pi,) — [0, 1] is, as usual, defined by

0
w(0|w>=w(T$)"’).

To avoid any problems in conditionals with possibly zero denominators we
shall adopt the convention in what follows that expression of the form

w@|e) = v,

stand for

w(® A @) =yw(p).

Formally, aknowledge Basen SL(p;,, ..., p;,), in the sense of this
paper, is a set finite set of constraints,

{w(el):ylll:]"7m}+{w(¢lll/fl):81|l:17vr}’

where the;, ¢;, ¥; € SL(p,,. . ... pi,) and they;, §; are real, which is con-
sistent, i.e., satisfied by some probability functiopon SL(p;,, ..., pi,)
(or, equivalently, any larger language)rIf O here, i.e., there are no con-
ditional constraints, we call such knowledge bases ‘elementary’. We use
CL(pi,, ..., pi,) (CEL(p;, ..., pi,)) etc. to denote the set of such (ele-
mentary) knowledge bases. Notice tha{,, ..., pi,} < {pj,.-., Pj;}
thenCL(pil, Cee, p,'n) - CL(pjl, ce pj.\)'

We now introduce the notion of ainference procesghat is a func-
tion, N, such that for any finite nonempty subget,, ..., p;,} of L and
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K € CL(pij,---, pi,)s N{pip» ..., pi,}, K) is a probability function on
SL(piy, - .-, pi,) Which satisfiesK.

The idea behind the definition of an inference process is that we are
identifying a rational agent’s knowledge in a particular area with a set of
constraintsk € CL(p;,, ..., p;,) and supposing that, when required to
assign (subjective) probabilities on the basikothe agent does so in such
a way that they are mutually consistent wkhand with each other. Since
these values together determine a probability functio§ bty;,, .. ., p;,)
the agent’s assignment procedure is effectiyggking a probability func-
tion to satisfyK. In other words we can, for our purposes, identify the
agent with an inference proces,

The value of doing this is that ‘common sense’ requirements on the
agent’s assignment process can be captured in termsraiples which
the functionN should ideally satisfy. (It is important to appreciate in these
principles that the constraint s&t is supposed to sum ugl the (assign-
ing agent’'s) knowledge (in the particular area).) We refer the reader to
(Paris and Vencovska 1990) and (Paris 1994) for a fuller discussion and
justification of these principles.

For the purpose of this paper we are interested inMlagimum En-
tropy Inference Process E, which is defined as follows: Given a lan-
guage with propositional variabldg;,, ..., p;,}, K € CL(pi,, ..., pi,),
let Bi,...,B2 run through the atoms ofSL(p;,,..., p;,). Then
ME ({pi,, ..., pi,}, K) is that probability functiorw on SL(p;,, ..., pi,)
satisfyingK for which the entropy,

on

= w(B)logw(By),

i=1

is maximal.

We are now ready to state formal versions of our ‘common sense’ prin-
ciples of uncertain reasoning given, informally, earlier. These have their
origins in (Paris and Vencovska 1990) although the versions given here
incorporate a number of simplifications proved in (Paris 1994; Paris and
Vencovska 1996a, 1997). We shall state these principle& fdefined on
CL. The analoguous principles farE L, which we shall refer to in the
main theorem, are obtained simply by replacti§y throughout byCE L
(and dropping any conditional constraints).
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IRRELEVANT INFORMATION PRINCIPLE. LetK; € CL(pi,, - . ., Pi,)s
K> e CL(pjl, R pjm) with {ii, ..., iy} N {jl, R Jm} = (J. Then forf €
SL(pil’ ey pin)i

N({pila ey pi,,}, Kl)(e) =
= N({pil’ <o Digs pjj_, ceey p/m}’ Kl + KZ)(G)

The principle of Irrelevant Information as presented here provides us
with a very valuable simplification. Namely, by taking, to be empty
we see that fotV satisfying this principleN ({p;,, ..., pi,}, K1)(0) does
not depend on the particular overlying langudgg, ..., p;,} chosen (a
property known asanguage Invariancén earlier papers (Paris and Ven-
covska 1989, 1990; 1997; Paris 1994)). Since we are interested in inference
processes satisfying this principle, we shall henceforth therefore omit ex-
plicit mention of the argumerttp;,, ..., p;,} of N whenever this does not
cause confusion.

EQUIVALENCE PRINCIPLE. If Ky, K, € CL(py,, ..., pi,) are equiva-
lent in the sense that a probability functiensatisfiesk; just if it satisfies
K», thenN (K1) = N(K>).

RENAMING PRINCIPLE. Letg : B(pi,, ..., pi,) = B(p,,, ..., pj,) and
suppose thak, € CL(pj,, ..., pi,), Ko € CL(pj,, ..., pj,) are such that

Ki=1{w®) =bili =1, ....m}+ {w@6)) =c;li =1.....7}
Ky =1{w(@) =bili =1,...,m}+ (wgjlg) =c;li =1,....r}

whereg(@,) = g; fori = 1,....m, andg(®)) = ¢/, g(®)) = ¢/ for j =
1,...,r. ThenN(K1)(9) = N(K>)(p) wheneverg (9) = ¢.

RELATIVISATION PRINCIPLE. Suppose thadf1, K» € CL(piy, - - -, pi,)
are respectively the sets of constraints

{w@; Ane)=bi,wlp) =c, wWr A=) =dili=1,....m,

{w@Oj Ap) =b;, w(p) =cli=1,...,m}.

Thenforé € SL(pi,, ..., pi,), N(K1)(0 A @) = N(K2)(0 A @).
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OBSTINACY PRINCIPLE. IfK1, K> € CL(pi,, ..., pi,) andN (K,) sat-
isfiesK,, thenN (K1) = N(K1 + K>»).

WEAK INDEPENDENCE PRINCIPLE. IfK4, K, are, respectively, the
sets of constraints

{w(p) =a, w(p2) =0},
{w(p1) =a, w(p2) =b, w(ps) =c, w(pr1A p3) =0}
thenN (K1) (p1 A p2) = N(K2)(p1 A p2).
CONTINUITY PRINCIPLE. ForK € CL(pi,, - - -, Pi,),
K={w@) =bili=1...,m}+{wpy;) =cjlj=1...,r}

and x € SL(pi,, ..., pi,), N(K)(x) is a continuous function of tha;,
i=1 ..., m.

(This version of Continuity is somewhat weaker than that appearing in
(Paris and Vencovskéa 1989, 1990, 1997; Paris 1994).)

All these principles hold foM E. Indeed, by combining, and sharpen-
ing slightly, the results in (Paris and Vencovska 1990, 1996b, 1997) we
have the following result characterising E (for three alternate charac-
terisations with a similar ‘axiomatic’ flavour see the work of Shore and
Johnson (1980); Csiszar (1989); and Kern-Isberner (forthcoming).

THEOREM. LetN be an inference process which satisfies the principles of
Irrelevant Information, Equivalence, Renaming, Relativisation, Obstinacy,
Weak Independence and Continuity 6r.(CEL). Then N agrees with
MEonCL(CEL).

A natural question to ask at this point is whether we might give be
able to give amathematical formulatiorof the Symmetry Principle and
prove our principles from that, rather than relying on a host of differ-
ent interpretations of what is meant by ‘similar’ in order to derive them.
Unfortunately, we have been unable to find such a master principle. One,
ostensibly reasonable, candidate is the following:

MARK | SYMMETRY PRINCIPLE. Let B be a subalgebra of the Lin-
denbaum algebr8L(p;,, ..., p;,) andletK; € K, € CL(P,,, ..., p;,) be
such that the set of constraints

{w®) =ag |0 € B, ag=N(K1)(©®)}
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is consistent withk,. Then, ford € B,
N(K1)(0) = N(K2)(©).

[Notice this set of constraints is effectively finite.]

Here then the intention is that the ‘additional informatiorkinbeyond
K4 would not require the probabilities the agent had assigned (using
to sentence8, with & € B, on the basis oK alone, to alter, and so, as far
as suclhy were concernedk, really added nothing ‘essentially new’ and
S0 gave no reason for assigning a different value.

Unfortunately this ‘symmetry principle’ cannot hold for any inference
process because it implies the inconsist@tamicity Principleas stated
in (Paris 1994). This is, perhaps, rather surprising (disquieting?) given
the apparent similarity of the above argument justifying this principle and
the one used earlier to justify the Obstinacy Principle on the basis of the
Symmetry Principle.

5. CONCLUSION

In this paper we have, by combining a number of earlier results and ideas,
demonstrated that in the case where an agent’s knowlédgmnsists
simply of a set of values of the agent’s subjective probabilities and con-
ditional probabilities there are a handful of common sense principles of
uncertain reasoning which, if obeyed, uniquely determine the probabilities
the agent may assign on the basiskofFurthermore, these unique values
are precisely those given by the solutionkowvhich maximises entropy.

All these principles may be viewed as special cases of the Symmetry
Principle, thaiessentially similar problems should have essentially similar
solutions by considering different interpretations of ‘essentially similar’.
As such they may be argued to accord with common sense, not only in
their own right, but also as children of the emminently common sensical
Symmetry Principle.

This, of course, raises the question of how and why we judge something
to be ‘common sense’, a question we have largely glossed over, taking it
to be self evident that our principles have this property. Certainly it would
be comforting to have some precise, mathematical perhaps, and widely
accepted, formulation of what constitutes common sense.
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NOTES

1 Notice that we do not allow assertions of statistical independence in our knowledge
bases.
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