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1 Main Claim

I will argue in this paper that Einstein and von Neumann meet in algebraic relativistic
quantum field theory in the following metaphorical sense: algebraic quantum field theory
was created in the late fifties/early sixties and was based on the theory of “rings of
operators”, which von Neumann established in 1935-1940 (partly in collaboration with J.
Murray). In the years 1936-1949 Einstein criticized standard, non-relativistic quantum
mechanics, arguing that it does not satisfy certain criteria that he regarded as necessary
for any theory to be compatible with a field theoretical paradigm. I claim that algebraic
quantum field theory does satisfy those criteria and hence that algebraic quantum field
theory can be viewed as a theory in which the mathematical machinery created by von
Neumann made it possible to express in a mathematically explicit manner the physical
intuition about field theory formulated by Einstein.

The argument in favor of this claim has two components:

Historical: An interpretation of Einstein’s (semi)formal wordings of his critique of non-
relativistic quantum mechanics.

This interpretation results in mathematically explicit operational independence defini-
tions, which, I claim, express independence properties of systems that are localized in
causally disjoint spacetime regions. Einstein regarded these as necessary for a theory to
comply with field theoretical principles.

Systematic: Presenting several propositions formulated in terms of algebraic quantum
field theory that state that the operational independence conditions in question do
in fact typically hold in algebraic quantum field theory.

∗Work supported in part by the Hungarian Scientific Research Found (OTKA), contract number:
K68043.
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The structure of the paper is the following. After some historical comments in Section 2,
I will quote from Einstein’s famous 1948 Dialectica paper in Section 3 and I will isolate
from the text three requirements Einstein thought a physical theory must satisfy (they
are called Spatio-temporality, Independence and Local operations). After recall-
ing some basic notions of algebraic quantum mechanics in Section 4, the main axioms
of algebraic quantum field theory are recalled in Section 5, and it is argued here that
Spatio-temporality is the very principle on which the key notion of algebraic quan-
tum field theory (the definition of local net of observables) is based. Section 6 reviews
several of the most important definitions in the hierarchy of independence concepts for-
mulated in algebraic quantum mechanics and concludes with two propositions stating
that the independence properties typically hold in algebraic quantum field theory. Sec-
tion 7 interprets the Local operations requirement by identifying it with what is called
“operational separability”, definition of which is formulated in this section in terms of
operations (understood as completely positive unit preserving linear maps). Linking op-
erational separability to the independence condition called “operational independence”,
Section 7 concludes that the Local operations condition also is typically satisfied in
algebraic quantum field theory. Section 8 raises the problem of relation of operational
independence and operational separability in general (i.e. irrespectively of the quantum
field theoretical context), and, distinguishing a stronger and a weaker version of oper-
ational separability, argues that the weaker version is strictly weaker than operational
separability. I am aware that the historical aspect of the main claim is somewhat contro-
versial because it rests on a particular interpretation of Einstein’s wording of his criticism
of standard, non-relativistic quantum mechanics. Section 9 will indicate other possible in-
terpretations of Einstein’s criticism and will qualify the main claim. The systematic part
of the main claim seems to me meaningful however irrespective of its historical accuracy:
The operational separability notions are intuitively-physically motivated and mathemat-
ically well-defined concepts, investigating them and their relation to other independence
concepts raises non-trivial questions, showing the richness and beauty of algebraic quan-
tum field theory.

2 Preliminary historical comments

Einstein and von Neumann played very different but crucial roles in establishing non-
relativistic quantum mechanics: Einstein’s Nobel prize-winning explanation of the photo-
electric effect in 1905 was a decisive step in lending credibility to the quantum hypothesis,
whereas von Neumann’s three papers [43], [45], [44] and his subsequent book [46] clarified
and summarized the mathematical foundations of quantum theory. In addition to their
contribution to (mathematical) physics proper, both Einstein and von Neumann were
deeply interested in interpretational-philosophical problems related to quantum mechan-
ics: Einstein’s dissatisfaction with quantum mechanics and his criticism of this theory as
a complete description of physical reality is well-known and has been the subject of inten-
sive scrutiny by historians and philosophers of physics. Von Neumann’s foundational work
also was deeply philosophical: his famous no-go theorem on hidden variables presented in
[46], his idea of a non-classical (quantum) logic associated with quantum mechanics and
the problems he had seen in this connection are classical examples of his philosophical
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attitude and treatment of interpretational problems. 1

Given their interest in philosophical-foundational issues related to quantum mechanics
and the fact that from 1933 on both were members of the Institute for Advanced Study
in Princeton, one would expect that they exchanged ideas and had discussions about the
interpretation and foundations of quantum mechanics, especially around 1935-1936: this
was the time when Einstein was working with Podolsky and Rosen on the EPR paper
[14] and von Neumann was working on the theory of “rings of operators” (called today
“von Neumann algebras”) and on quantum logic [3] – both motivated by Hilbert space
quantum mechanics. Curiously however Einstein and von Neumann did not seem to have
discussions of the foundations of quantum mechanics. To be more precise, the only record
I am aware of which shows specifically that Einstein and von Neumann did possibly
talk about interpretational problems of quantum mechanics is von Neumann’s letter to
Schrödinger dated April 11, 1936, in which von Neumann writes:

Einstein has kindly shown me your letter as well as a copy of the Pr.
Cambr. Phil. Soc. manuscript. I feel rather more over-quoted than under-
quoted and I feel that my merits in the subject are over-emphasized.
(von Neumann to Schrödinger, April 11, 1936), [22][p. 211]

Von Neumann refers here to the second of Schrödinger’s two papers on the prob-
lem of probabilistic correlations between spatially separated quantum systems [30], [31].
Einstein and Schrödinger corresponded about the EPR paper in the summer of 1935 (see
Jammer’s paper [18]) and Schrödinger’s two papers were motivated by his correspondence
with Einstein. Schrödinger was bothered by the EPR type correlations between spatially
distant systems predicted by non-relativistic quantum mechanics and he seems to have
thought that quantum field theory will also be problematic for this reason:

Though in the mean time some progress seemed to have been made in
the way of coping with this condition (quantum electrodynamics), there now
appears to be a strong probability (as P. A. M. Dirac [Schrödinger’s footnote:
P.A.M. Dirac, Nature. 137 (1936), 298] has recently pointed out on a special
occasion) that this progress is futile.
[31][p. 451]

von Neumann did not share Schrödinger’s concern:

I think that the difficulties you hint at are “pseudo-problems”. The “action
at distance” in the case under consideration says only that even if there is no
dynamical interaction between two systems (e.g. because they are far removed
from each other), the systems can display statistical correlations. This is not
at all specific for quantum mechanics, it happens classically as well.
(von Neumann to Schrödinger, April 11, 1936) [22][p. 212]

To illustrate his point, von Neumann gives a simple example of a non-problematic corre-
lation between spatially distant systems – the example shows that von Neumann regarded
distant correlations non-problematic as long as one can give an explanation of them in

1Since the literature on both Einstein’s and von Neumann’s work on quantum mechanics is enormous,
I make no attempt here to list even the most important works.
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terms of common causes (see [23] for this interpretation of von Neumann’s position).
Whether the EPR correlations can be given an interpretation in terms of common causes
is a subtle matter to which I return in Section 9 briefly; now I wish to point out that
von Neumann reacted explicitly to Schrödinger’s skeptical remark about the prospects of
relativistic quantum field theory as well:

And of course quantum electrodynamics proves that quantum mechanics
and the special theory of relativity are compatible “philosophically” – quantum
electrodynamic fails only because of the concrete form of Maxwell’s equations
in the vicinity of a charge.
(von Neumann to Schrödinger, April 11, 1936), [22][p. 213]

So it seems that von Neumann thought that the real problem with relativistic quantum
field theory was the presence of singularities caused by the assumption of pointlike charges
and the related infinitely sharp localization of fields (both originating in classical field
theory) rather than some irreconcilable “philosophical incompatibility” between quantum
theory and principles of causality; however, von Neumann did not attempt to make the
compatibility explicit by formulating postulates that a quantum field theory should satisfy
in order to be acceptable “philosophically”. This was done by Einstein in his critique of
standard quantum mechanics as a complete theory.

3 Einstein’s contrasting standard non-relativistic quan-

tum mechanics with field theory in 1948

Einstein’s dissatisfaction with quantum mechanics and his attempts to show that quantum
mechanics is an incomplete theory is one of the best known and most analyzed facts
in history and philosophy of quantum mechanics. Specifically, it is well known that
Einstein gave his argument against the completeness of quantum mechanics (at least)
four times after the publication of the EPR paper [14] in 1935. The first formulation
is contained in his 1935 letter to Schrödinger which he wrote just a few weeks after the
EPR paper had appeared (see ([18] and [17] for the details of the Einstein-Schrödinger
correspondence)). This was followed by formulations in 1936 [12], 1948 [15] and 1949 [13].
All the formulations are informal and, while the core idea remains the same, they are
slightly different and one can see a gradual shift towards what I claim is a formulation of
several criteria that Einstein thought must be satisfied by a physical theory if it is to be
compatible with a field theoretical paradigm. These criteria are most explicitly present
in his 1948 Dialectica paper [15], where he writes:

If one asks what is characteristic of the realm of physical ideas indepen-
dently of the quantum theory, then above all the following attracts our at-
tention: the concepts of physics refer to a real external world, i.e. ideas are
posited of things that claim a ‘real existence’ independent of the perceiving
subject (bodies, fields, etc.), and these ideas are, on the other hand, brought
into as secure a relationship as possible with sense impressions. Moreover, it
is characteristic of these physical things that they are conceived of as being
arranged in a spacetime continuum. Further, it appears to be essential for this
arrangement of the things introduced in physics that, at a specific time, these
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things claim an existence independent of one another, insofar as these things
‘lie in different parts of space’. Without such an assumption of mutually inde-
pendent existence (the ‘being-thus’) of spatially distant things, an assumption
which originates in everyday thought, physical thought in the sense familiar to
us would not be possible. Nor does one see how physical laws could be formu-
lated and tested without such a clean separation. Field theory has carried out
this principle to the extreme, in that it localizes within infinitely small (four
dimensional) space-elements the elementary things existing independently of
one another that it takes as basic as well as the elementary laws it postulates
for them.

For the relative independence of spatially distant things (A and B), this
idea is characteristic: an external influence on A has no immediate effect
on B; this is known as the ‘principle of local action’, which is applied con-
sistently only in field theory. The complete suspension of this basic principle
would make impossible the idea of the existence of (quasi-)closed systems and,
thereby, the establishment of empirically testable laws in the sense familiar to
us.”

[...]
Matters are different, however, if one seeks to hold on principle II – the

autonomous existence of the real states of affairs present in two separated
parts of space R1 and R2 – simultaneously with the principles of quantum
mechanics. In our example the complete measurement on S1 of course implies
a physical interference which only effects the portion of space R1. But such
an interference cannot immediately influence the physically real in the distant
portion of space R2. From that it would follow that every measurement re-
garding S2 which we are able to make on the basis of a complete measurement
on S1 must also hold for the system S2 if, after all, no measurement whatso-
ever ensued on S1. That would mean that for S2 all statements that can be
derived from the postulation of ψ2 or ψ′2, etc. must hold simultaneously. This
is naturally impossible, if ψ2, ψ

′
2, are supposed to signify mutually distinct real

states of affairs of S2,...
[15] (translation taken from [17])

In the above passage Einstein formulates (informally) three requirements for a physical
theory to be compatible with a field theoretical paradigm:

Spatio-temporality “... physical things [...] are conceived of as being arranged in a
spacetime continuum...”

Independence “... essential for this arrangement of the things introduced in physics is
that, at a specific time, these things claim an existence independent of one another,
insofar as these things ‘lie in different parts of space’.”

Local operation “... an external influence on A has no immediate effect on B; this is
known as the ‘principle of local action’”; “... measurement on S1 of course implies
a physical interference which only effects the portion of space R1. But such an
interference cannot immediately influence the physically real in the distant portion
of space R2.”
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The above three requirements are not independent: Independence presupposes Spatio-
temporality conceptually: only if physical things are assumed to be arranged in a space-
time continuum can one ask whether the things so arranged have the feature Indepen-
dence; and it also is more or less clear that the Local operations requirement is an
independence condition – independence of system S2 of (measurement) operations carried
out on system S1.

It is true that standard (non-relativistic) Hilbert space quantum mechanics is not
field theoretical in the sense that observables in non-relativistic quantum theory are not
“conceived of as being arranged in a spacetime continuum”: the observable quantities in
quantum theory do not carry labels that would indicate their spatiotemporal location in
a four dimensional spacetime continuum and; accordingly, quantum measurements and
operations are also not conceived of in quantum mechanics as possessing spatiotemporal
tags explicitly. Nor is Hilbert space quantum mechanics covariant with respect to a
relativistic symmetry group. Thus quantum mechanics does not meet requirements of
relativistic locality interpreted in the sense of a field theoretical paradigm. But algebraic
quantum field theory does, or so I’ll argue in the rest of this paper.

4 Some notions of algebraic quantum mechanics

In what follows, A denotes a unital C∗-algebra, A1,A2 are assumed to be C∗-subalgebras
of A (with common unit). N denotes a von Neumann algebra; algebras N1,N2 are
assumed to be von Neumann subalgebras of N (with common unit). A1∨A2 (respectively
N1 ∨ N2) denotes the C∗- (respectively von Neumann) algebra generated by A1 and A2

(respectively by N1 and N2). A W ∗-algebra N is hyperfinite (or approximately finite
dimensional) if there exist a series of finite dimensional full matrix algebras Mn (n =
1, 2, . . .) such that ∪nMn is weakly dense in N . B(H) is the C∗-(and von Neumann)
algebra formed by the set of all bounded operators on Hilbert spaceH. B(H) is hyperfinite
if H is a separable Hilbert space. For von Neumann algebra N ⊆ B(H), N ′ stands for
the commutant of N in B(H). S(A) is the state space of C∗-algebra A. The selfadjoint
elements in a C∗-algebra are interpreted as representatives of physical observables, the
elements of the state space S(A) represent physical states. (For the operator algebraic
notions see [19], [5] or [4].)

In what follows, T will denote a completely positive (CP) map on a C∗-algebra A,
such a T will also be assumed to preserve the identity: T (I) = I (where I is the unit of
A). A (unit preserving) CP map is called a (non-selective) operation. An operation T on
a von Neumann algebra N is called a normal operation if it is σ weakly continuous.

The dual T ∗ of an operation defined by

S(A) 3 φ 7→ T ∗φ .
= φ ◦ T ∈ S(A)

maps the state space S(A) into itself. If T is a normal operation on the von Neumann
algebra N , then T ∗ takes normal states into normal states.

Operations are the mathematical representatives of physical operations: physical pro-
cesses that take place as a result of physical interactions with the system. For a detailed
description and physical interpretation of the notion of operation see [20].
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Remark 1. In sharp contrast to states, operations defined on a subalgebra of an arbitrary
C∗-algebra are not , in general, extendible to an operation on the larger algebra [2]. A C∗-
algebra B is said to be injective if for any C∗-algebras A1 ⊂ A every completely positive
unit preserving linear map T1 : A1 → B has an extension to a completely positive unit
preserving linear map T : A → B. A von Neumann algebra is injective (by definition) if it
is injective as a C∗-algebra. It was shown in [2] that B(H) is injective. Hyperfiniteness of
a von Neumann algebra entails injectivity in general, and a von Neumann algebra acting
on a separable Hilbert space is injective if and only if it is hyperfinite [9], [10][Theorem
6] – this is why injectivity of the double cone algebras in algebraic quantum field theory
(Proposition 4) will be important.

A classic result characterizing operations is

Proposition 1 (Stinespring’s Representation Theorem). T : A → B(H) is a completely
positive linear map from C∗-algebra A into B(H) iff it has the form

T (X) = V ∗π(X)V X ∈ A
where π : A → B(K) is a representation of A on Hilbert space K and V : H → K is a
bounded linear map. If A is a von Neumann algebra and T is normal, then π is a normal
representation.

A corollary of Stinespring theorem is

Proposition 2 (Kraus’ Representation Theorem). T : B(H) → B(H) is a normal opera-
tion iff there exists bounded operators Wi on H such that

T (X) =
∑

i

W ∗
i XWi

∑
i

W ∗
i Wi = I (1)

The infinite sums are taken to converge in the σ-weak topology. Wi are sometimes
called “Kraus operators”.

It is important in Stinespring’s theorem (and hence also in Kraus’ theorem) that T
takes its value in the set of all bounded operators B(H) on a Hilbert space. Stinespring’s
theorem does not hold for an arbitrary von Neumann algebra in place of B(H) because if
it did then this would entail that operations defined on subalgebras are always extendible
from the subalgebra to the superalgebra, which however is not the case (cf. Remark 1).
To put it differently: Kraus’ representation theorem does not hold for an arbitrary von
Neumann algebra; hence general operations on a von Neumann algebra are not of the
form (1).

A special case of operations are measurements: If one measures a (possibly unbounded)
observable Q defined on the Hilbert space H with purely discrete spectrum λi and cor-
responding spectral projections Pi, then the “projection postulate” is described by the
operation Tproj defined by

N 3 X 7→ Tproj(X) =
∑

i

PiXPi (2)

Tproj is a normal operation from B(H) into the commutative von Neumann algebra {Pi}′
consisting of operators that commute with each Pi:

{Pi}′ = {X ∈ B(H) : XPi = PiX for all i}
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It is known that the projection postulate has limited applicability: Not every interaction
with (operation on) a quantum system can be described by a Tproj of the form (2) (the
Kraus operators need not be projections; an operation might not even have a Kraus
representation at all). For instance, if the observable to be measured does not have a
discrete spectrum then one cannot directly generalize formula (2) to obtain a CP map
[11]. But one can generalize some of the characteristic features of Tproj:

A positive, linear, unit preserving map T from C∗-algebra A onto a C∗-subalgebra
A0 of A whose restriction to A0 is equal to the identity map is called a conditional
expectation from A onto A0. Such a map will be denoted by Tc. Conditional expectations
are completely positive.

If for a state ϕ on A, the Tc conditional expectation also preserves ϕ, i.e. ϕ(Tc(X)) =
ϕ(X) for all X ∈ A, then Tc is called a ϕ-preserving conditional expectation from A onto
A0, and it will be denoted by Tϕ

c .
It is known that for a given A, A0 and ϕ, a ϕ-preserving conditional expectation from

A onto A0 does not necessarily exist. But if ϕ is a faithful normal state on von Neumann
algebraN then there always exists a ϕ-preserving CP map Tϕ fromN into any subalgebra
N0: the so-called Accardi-Cecchini ϕ-conditional expectation [1] (note that Tϕ is not a
conditional expectation, i.e. it is not a projection to N0; so “ϕ-preserving conditional
expectation” and “ϕ-conditional expectation” are different concepts, although the terms
are deceptively close).

5 Algebraic quantum field theory

The basic idea of algebraic quantum field theory is precisely what Einstein requires in
Spatio-temporality: “... physical things [...] are conceived of as being arranged in a
spacetime continuum...”: In algebraic quantum field theory, observables, interpreted as
selfadjoint parts of C∗-algebras, are assumed to be localized in regions V of the Minkowski
spacetime M . The basic object in the mathematical model of a quantum field is thus
the association of a C∗-algebra A(V ) to (open, bounded) regions V of M , and all the
physical content of the theory is assumed to be contained in the assignment V 7→ A(V ).
In particular, relativistic covariance of the theory also is expressed in terms of the net of
algebras ({A(V )}, V ⊂ M), the net of algebras of local observables.

The net ({A(V )}, V ⊂ M) is specified by imposing on it physically motivated postu-
lates. Below we list these postulates.

(i) Isotony: A(V1) is a C∗-subalgebra (with common unit) of A(V2) if V1 ⊆ V2

(ii) Local commutativity (also called Einstein causality or microcausality):
A(V1) commutes with A(V2) if V1 and V2 are spacelike separated.

Let
A0 ≡ ∪VA(V )

then A0 is a normed ∗-algebra, completion of which (in norm) is a C∗-algebra, called the
quasilocal algebra determined by the net ({A(V )}, V ⊂ M).

(iii) Relativistic covariance: there exists a continuous representation α of the identity-
connected component of the Poincaré group P by automorphisms α(g) on A such
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that
α(g)A(V ) = A(gV ) (3)

for every g ∈ P and for every V .

(iv) Vacuum: It also is postulated that there exists at least one physical representation
of the algebra A, that is to say, it is required that there exist a Poincaré invariant
state φ0 (vacuum) such that the spectrum condition ((v) below) is fulfilled in the
corresponding cyclic (GNS) representation (Hφ0 , Ωφ0 , πφ0). In this representation
of the quasilocal algebra the representation α is given as a unitary representation,
and there exist the generators Pi, (i = 0, 1, 2, 3) of the translation subgroup of
the Poincaré group P . The spectrum condition is formulated in terms of these
generators as

(v) Spectrum condition:

P0 ≥ 0, P 2
0 − P 2

1 − P 2
2 − P 2

3 ≥ 0 (4)

Given a state φ one can consider the net in the representation πφ determined by φ. If the
particular state φ is not important, then the local von Neumann algebras πφ(A(V ))′′ will
be denoted by N (V ).

It is a remarkable feature of the above axioms that (under some additional assump-
tions) they are very rich in consequences: they entail a number of non-trivial features of
the net. We mention two sorts of consequences that will be referred to in what follows:
one is the Reeh-Schlieder theorem:

Proposition 3 (Reeh-Schlieder Theorem). The vacuum state φ0 (more generally, any
state of bounded energy) is faithful on local algebras A(V ) pertaining to open bounded
spacetime regions V .

The other type of result concerns the type and structure of certain local algebras.
To state the proposition in this direction recall that a double cone region D(x, y) of the
Minkowski spacetime determined by points x, y ∈ M such that y is in the forward light
cone of x is, by definition, the interior of the intersection of the forward light cone of x
with the backward light cone of y. A general double cone is denoted by D.

Proposition 4 ([6], [16] p. 225). The local von Neumann algebras N (D) associated with
double cones D are hyperfinite.

6 Independence

Einstein’s Independence requirement demands that if V1 and V2 are spacelike separated
regions then the systems represented by algebrasA(V1) andA(V2) must be “independent”.
The Local commutativity postulate is such an independence requirement; however, as
it turns out, there are many other, stronger, nonequivalent (but also non-independent)
concepts of independence that one can formulate for two C∗-and W ∗-algebras. Below we
list a few from the rich hierarchy, the list is far from being complete (for an extensive
review of the independence concepts see [33]).
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Definition 1. A pair (A1,A2) of C∗-subalgebras of C∗-algebraA is called C∗-independent
if for any state φ1 on A1 and for any state φ2 on A2 there exists a state φ on A such that

φ(X) = φ1(X) for any X ∈ A1

φ(Y ) = φ2(Y ) for any Y ∈ A2

C∗-independence expresses that any two partial states (states on A1 and A2) are co-
possible as states of the larger system A. The next independence condition is a strength-
ening of C∗-independence:

Definition 2. A pair (A1,A2) of C∗-subalgebras of a C∗-algebraA is called C∗-independent
in the product sense if the map η defined by

η : A1 ∨ A2 → A1 ⊗A2 (5)

η(XY )
.
= X ⊗ Y (6)

extends to an C∗-isomorphism of A1∨A2 with A1⊗A2, where A1⊗A2 denotes the tensor
product of A1 and A2 with the minimal C∗-norm.

If the C∗-algebras happen to be von Neumann algebras then states can have stronger
continuity properties and this makes it possible to formulate independence notions that
fit the von Neumann algebra category more naturally and are in analogy of the above
independence concepts:

Definition 3. Two von Neumann subalgebras N1,N2 of the von Neumann algebra N are
called W ∗-independent if for any normal state φ1 on N1 and for any normal state φ2 on
N2 there exists a normal state φ on N such that

φ(X) = φ1(X) for any X ∈ N1

φ(Y ) = φ2(Y ) for any Y ∈ N2

The analogue of Definition 2 in the von Neumann algebra setting is:

Definition 4. Two von Neumann subalgebras N1,N2 of the von Neumann algebra N are
called W ∗-independent in the product sense if for any normal state φ1 on N1 and for any
normal state φ2 on N2 there exists a normal product state φ on N , i.e. a normal state φ
on M such that

φ(XY ) = φ1(X)φ2(Y ) for any X ∈ N1, Y ∈ N2

The following notion is an even stronger independence property:

Definition 5. Two von Neumann subalgebras N1,N2 of the von Neumann algebra N
are called W ∗-independent in the spatial product sense if there exist faithful normal
representations (π1,H1) of N1 and (π2,H2) of N2 such that the map

N 3 XY 7→ π1(X)⊗ π2(Y ) X ∈ N1 Y ∈ N2

extends to a spatial isomorphism of N1 ∨N2 with π(N1)⊗ π(N2).
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If N1,N2 are commuting von Neumann subalgebras of von Neumann algebra N then
they are W ∗-independent in the spatial product sense if and only if they satisfy the
following so called split property:

Definition 6. N1,N2 have the split property if there exists a type I factor N such that

N1 ⊂ N ⊂ N ′
2

The next four definitions formulate an idea of operational independence, these defini-
tions were proposed recently in [28] and they are closely related to the Local operation
requirement as we will see.

Definition 7. A pair (A1,A2) of C∗-subalgebras of C∗-algebra A is operationally C∗-
independent in A if any two operations on A1 and A2, respectively, have a joint extension
to an operation on A; i.e. if for any two completely positive unit preserving maps

T1 : A1 → A1

T2 : A2 → A2

there exists a completely positive unit preserving map

T : A → A

such that

T (X) = T1(X) for all X ∈ A1

T (Y ) = T2(Y ) for all Y ∈ A2

The following is a natural strengthening of operational independence:

Definition 8. A pair (A1,A2) of C∗-subalgebras of C∗-algebra A is operationally C∗-
independent in A in the product sense if any two operations on A1 and A2, respectively,
have a joint extension to an operation on A that factorize across the algebras (A1,A2) in
the sense that

T (XY ) = T (X)T (Y ) X ∈ A1, Y ∈ A2 (7)

The corresponding von Neumann algebra versions of the above two operational inde-
pendence notions are:

Definition 9. A pair (N1,N2) of von Neumann subalgebras of a von Neumann algebra
N is operationally W ∗-independent in N if any two normal operations on N1 and N2,
respectively, have a joint extension to a normal operation on N .

Definition 10. If normal extensions exist that factorize across the pair (N1,N2) in the
manner of eq. (7) then the pair (N1,N2) is called operationally W ∗-independent in N in
the product sense.

Operational C∗-independence expresses that any operation (procedure, state prepara-
tion etc.) on system S1 is co-possible with any such operation on system S2 – if these
systems are represented by C∗-algebras (similarly for W ∗-algebras). For a more detailed
motivation of operational independence see [28].
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The characterization of the interdependence relations of the above independence no-
tions is a highly non-trivial task and there are still a number of open problems related
to this issue. We refer to [33] for a review of the main results known by 1990 on this
problem. What is important from the perspective of the current paper is that local alge-
bras in algebraic quantum field theory pertaining to spacelike separated spacetime regions
typically do satisfy the above independence notions. We just recall, in the form of two
propositions, the status of the above independence properties in algebraic quantum field
theory:

Proposition 5. If N (D1),N (D2) are two von Neumann algebras associated with strictly
spacelike separated double cone regions D1 and D2 in a local net of von Neumann alge-
bras satisfying the standard axioms then N (D1),N (D2) are typically independent in the
sense of all of the Definitions 1.–10., where operational C∗-independence of N (D1),N (D2)
(and operational C∗-independence in the product sense) is understood to hold in the von
Neumann algebra N (D) with D being a double cone containing the double cones D1 and
D2 and operational W ∗-independence (and operational W ∗-independence in the product
sense) is understood to hold in N (D1)⊗N (D2).

Remark 2. Note that hyperfiniteness of the double cone algebras (Proposition 4) is cru-
cial in the above claim that operational C∗-independence ofN (D1),N (D2) holds inN (D),
and it is not known whether N (D1),N (D2) are also operationally W ∗-independent in
N (D) – although they are operationally W ∗-independent in N (D1)⊗N (D2). The reason
why this latter fact does not entail the former is that while operations on N (D1),N (D2)
are extendible to N (D) by injectivity of N (D) ensured by hyperfiniteness of N (D) (Re-
mark 1) it is unclear whether extendibility obtains under the additional requirement of
the operations being normal.

“Typically” in Proposition 5 means: “in all physically non-pathological models” and
possibly with a spacelike distance of the double cones that is above a certain threshold.
In those physically non-pathological models the algebras associated with strictly spacelike
separated double cones are split (Definition 6), which entails all the other independence
properties. (See [35] for a detailed, non-technical discussion of the split property and for
further discussion of what “(non-)pathological” means in this context.)

Proposition 6. If N (D1),N (D2) are two von Neumann algebras associated with space-
like separated tangent double cone regions D1 and D2 in a local net of von Neumann
algebras satisfying the standard axioms then N (D1),N (D2) are independent in the sense
of Definitions 1, and 3 but not independent in the sense of Definitions 4, 5, 8 and 10. It is
not known whether operational C∗-or W ∗-independence is violated by these von Neumann
algebras.

7 Local operations

I what follows, V1, V2 and V are assumed to be open bounded spacetime regions, with V1

and V2 spacelike separated and V1, V2 ⊆ V . Let T be an operation on A(V ) and φ be a
state on A(V ). Then

(A(V ),A(V1),A(V2), φ, T ) (8)

is called a local system.
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Given such a local system, let φ1 and φ2 be the restrictions of φ to A(V1) and A(V2),
respectively. Suppose T1 is an operation on A(V1). Carrying out this operation changes
the state φ1 into T ∗

1 φ1. By the requirement of isotony A(V1) is a subalgebra of A(V ),
so the operation T1 is an operation that is carried out on the elements of A(V ) that are
localized in region V1 ⊂ V . Assume that T is an operation on A(V ) that is an extension
of T1 from A(V1) to A(V ).2 Then T changes the state φ into T ∗φ and, since T is an
extension of T1, the restriction of T ∗φ to A(V1) coincides with T ∗

1 φ. Since V1 and V2

are spacelike separated hence causally independent regions, one would like to have the
extension T of T1 be such that the change φ 7→ T ∗φ caused by the operation T in state φ
is restricted to A(V1); that is to say, causally well behaving systems are the ones for which
T ∗φ(X) = φ2(X) for every X ∈ A(V2). The next definition of operational separatedness
formulates this idea precisely.

Definition 11. The local system (A(V ),A(V1),A(V2), φ, T ) with an operation T on A(V )
is defined to be operationally separated if both of the following two conditions are satisfied:

1. If T is an extension of an operation on A(V1) then the operation conditioned state
T ∗φ = φ ◦ T coincides with φ on A(V2), i.e.

φ(T (A)) = φ(A) for all A ∈ A(V2) (9)

2. If T is an extension of an operation on A(V2) then the operation conditioned state
T ∗φ = φ ◦ T coincides with φ on A(V1), i.e.

φ(T (A)) = φ(A) for all A ∈ A(V1) (10)

Given a local system (A(V ),A(V1),A(V2), φ, Tproj) with the operation Tproj defined
by the projection postulate (eq. (2)), the local commutativity requirement of algebraic
quantum field theory entails that if the operation Tproj is defined by projections Pi in
A(V1) then T is the identity map on A(V2) (and if T is defined by projections Pi in
A(V2) then it is the identity on A(V1)). This is well known and is sometimes referred
to as the “No-signaling Theorem” and is typically cited as the motivation for the local
commutativity (Einstein causality) axiom in algebraic quantum field theory. We state it
explicitly:

Proposition 7 (No-signaling Theorem). The local system

(A(V ),A(V1),A(V2), φ, Tproj)

with Tproj describing the projection postulate (2) is operationally separated for every state
φ.

Not every interaction with (operation on) a quantum system can be described by a
Tproj of the form (2) however (see Section 4); hence it is not obvious that every local
system in algebraic quantum field theory is operationally separated. In fact, one can
show that operational separatedness fails in algebraic quantum field theory :

2Since operations defined on C∗-subalgebras of C∗-algebras are not necessarily extendible from the
subalgebra to the larger algebra (see Remark 1), it is not obvious that an operation on A(Vi) (i = 1, 2)
can be extended to A(V ); consequently the assumption here (and below) that T represents T1 is not a
redundant one.

13



Proposition 8 ([29]). There exists a local system (A(V ),A(V1),A(V2), φ, T ) which is not
operationally separated.

The above proposition shows that a No-signaling Theorem does not hold for spacelike
separated local algebras for arbitrary operations. Furthermore, the failure is not excep-
tional or atypical because non-operationally separated local systems are not rare: as the
argument in [29] shows, for every locally faithful state φ there exists an operationally
non-separated local system and such states are very typical by the Reeh-Schlieder The-
orem (Proposition 3). Thus it would seem that the Local operations requirement is
violated in algebraic quantum field theory – contrary to the claim in the introductory
section. But this conclusion would be too quick. One can argue [29], [24], [25] that the
mere existence of operationally not separated local systems should not be interpreted as
a genuine incompatibility of algebraic quantum field theory with the Local operations
requirement because one can not expect a theory such as algebraic quantum field theory
to exclude causally non-well-behaving local systems necessarily. But it is reasonable to
demand that algebraic quantum field theory allow a locally equivalent and causally ac-
ceptable description of an operationally not separated local system. In other words, one
can say that it may happen that the possible causal bad behavior of the local system
(A(V ),A(V1),A(V2), φ, T ) is due to the non-relativistically conforming choice of the op-
eration T on A(V ) representing an operation T1 carried out in A(V1), say, and there may
exist another operation T ′ on A(V ) that has the same effect on A(V1) as that of T , (i.e.
T ′(X) = T (X) for all X ∈ A(V1)) and such that the system (A(V ),A(V1),A(V2), φ, T ′)
is causally well-behaving. This idea of reducibility of operational non-separatedness is
formulated explicitly in the form of the following weakening of Definition 11 (see [29]):

Definition 12. The local system (A(V ),A(V1),A(V2), φ, T ) is called operationally C∗-
separable if it is operationally separated in the sense of Definition 11, or, if it is not
operationally separated and T is an extension of an operation in either A(V1) or in A(V2)
then the following is true:

1. If T is an extension of an operation in A(V1), then there exists an operation
T ′ : A(V ) → A(V ) such that T ′(X) = T (X) for all X ∈ A(V1) and such that
the system

(A(V ),A(V1),A(V2), φ, T ′)

is operationally separated.

2. If T is an extension of an operation in A(V2), then there exists an operation
T ′ : A(V ) → A(V ) such that T ′(X) = T (X) for all X ∈ A(V2) and such that
the system

(A(V ),A(V1),A(V2), φ, T ′)

is operationally separated.

Operational W ∗-separability is defined analogously, by requiring the operations and the
state φ to be normal.

Einstein’s requirement of Local operations can now be interpreted as the require-
ment that local systems in algebraic quantum field theory should be operationally C∗-and
W ∗-separable in the sense of Definition 12. To answer the question of whether local
systems in algebraic quantum field theory are operationally separable one can relate op-
erational separability to operational independence:
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Proposition 9 (Redei and Valente, [29]).

• If the pair (A(V1),A(V2)) is operationally C∗-independent in A(V ) then for every φ
and every T the system (A(V ),A(V1),A(V2), φ, T ) is operationally C∗-separable.

• If the pair (N (V1),N (V2)) is operationally W ∗-independent in N (V ) then for ev-
ery normal state φ and every normal T the system (N (V ),N (V1),N (V2), φ, T ) is
operationally W ∗-separable.

Since operational C∗-independence in A(V ) does hold for local algebras A(D1) and
A(D2) associated with strictly spacelike separated double cone regions D1, D2, and dou-
ble cone D ⊃ D1, D2 (Proposition 5), one concludes that algebraic quantum field theory
typically satisfies the Local operations requirement – at least in the C∗-sense. As it was
remarked (Remark 2) it is not clear at this point whether operational W ∗-independence
of the pair (N (D1),N (D2)) in N (D) also holds; so one cannot yet conclude in full gener-
ality that the Local operations condition also holds in algebraic quantum field theory
typically but it should be clear from these results that algebraic quantum field theory
is a theory that displays exactly the features that Einstein thought were necessary for a
physical theory to be compatible with a field theoretical paradigm.

8 Are operational separability and operational inde-

pendence equivalent?

Operational C∗-and W ∗-independence was defined in Section 6 for a general pair of op-
erator algebras, independently of algebraic quantum field theory. While in the previous
section the notion of operational separability was defined for local systems in algebraic
quantum field theory, it is clear that operational separability also can be defined for a
general pair (A1,A2) of C∗-or W ∗-algebras: Keeping in mind that the state space of a
C∗-algebra (and the normal state space of a W ∗-algebra) is separating and that states
(also: normal states) defined on subalgebras are always extendible, it is clear that the
definition below is the reformulation of Definition 12 in terms of general algebras:

Definition 13. The pair (A1,A2) of C∗-subalgebras of C∗-algebra A is operationally
C∗-separable in A if every operation T1 that has an extension to A, also has an extension
T ′ which is the identity map on A2, and every T2 that has an extension to A, also has
an extension T ′ which is the identity map on A1. (Operational W ∗-separability is defined
similarly by assuming the algebras to be W ∗-algebras and requiring the operations to be
normal.)

The argument in [29] leading to Proposition 9 applies to the general case, so one has

Proposition 10. Let A1,A2 be C∗-subalgebras of C∗-algebra A and N1,N2 be W ∗-
subalgebras of W ∗-algebra N . Then operational C∗-independence of A1,A2 in A entails
operational C∗-separability of A1,A2 in A, and operational W ∗-independence of N1,N2

in N entails operational W ∗-separability of N1,N2 in N .

While no counterexample is known, I conjecture that the converse of Proposition 10
does not hold: Operational C∗-and W ∗-separability seem strictly weaker than operational
C∗-and W ∗-independence. To see why, consider the following strengthening of the defini-
tion of operational separability:
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Definition 14. The pair (A1,A2) of C∗-subalgebras of C∗-algebra A is strongly opera-
tionally C∗-separable in A if every operation T1 has an extension T ′ which is the identity
map on A2, and every T2 has an extension T ′ which is the identity map on A1. (Strong op-
erational W ∗-separability is defined similarly by assuming the algebras to be W ∗-algebras
and requiring the operations to be normal.)

The difference between Definitions 14 and 13 is that strong operational separability re-
quires that all operations on the subalgebras have extensions to the superalgebra whereas
Definition 13 does not require this. Since operations are not extendible in general (Remark
1), requiring the existence of extensions in Definition 14 is a highly non-trivial demand
and so strong operational separability seems much stronger than operational separability.
In fact, it is easy to see that strong operational C∗-separability is equivalent to opera-
tional C∗-independence and that strong operational W ∗-separability also is equivalent to
operational W ∗-independence (see [25] for details).

Since there are natural subclasses of operations, such as “measurements” and con-
ditional expectations, one can further distinguish specific instances of the concepts of
operational independence and operational separability by narrowing the admissible op-
erations to these subclasses. One obtains this way the notions of operational C∗-and
W ∗-independence in the sense of measurements and conditional expectations and opera-
tional C∗-and W ∗-separability in the sense of measurements and conditional expectations
(see the paper [25] for details). The result is a hierarchy of operational independence and
operational separability concepts with non-trivial logical interdependencies about which
virtually nothing is known at this point.

9 Closing comments

The main message of this paper is that algebraic quantum field theory satisfies the criteria
Einstein formulated in his critique of standard quantum mechanics as necessary for a
physical theory to be compatible with a field theoretical paradigm. Here I wish to qualify
this claim.

The first qualification is emphasizing a trivial point: The conditions Einstein required
are just necessary but not sufficient. No claim is made here that satisfying the three
requirements (Spatio-temporality, Independence and Local operations) is sufficient
to accept a theory as field theory compatible. For instance, the time evolution of the
system also must respect the causal structure of the spacetime but constraints on the
dynamics are independent of the three other conditions discussed here.

The second qualification is more substantial: We have seen that both the Indepen-
dence and the Local operations requirements can be given different formulations and
that the answer to the question of whether an independence condition holds or not depends
sensitively on the particular specification of the independence notion. Certain indepen-
dence conditions (such as W ∗-independence in the product sense, the split property and
operational W ∗-independence in the product sense – see Proposition 6) do not hold for
certain causally disjoint local systems and it is not entirely clear how to interpret this
fact.

One also can take the position that the “independence” Einstein refers to in the
Dialectica paper is to be taken as lack of probabilistic correlation, (especially lack of
EPR correlation, i.e. absence of entanglement) between casually disjoint local systems.
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This is the interpretation Howard [17] and Clifton and Halvorson [8] subscribe to. Under
this interpretation one must conclude (as Clifton and Halvorson do [8]) that, ironically,
algebraic quantum field theory fares even worse than non-relativistic quantum mechanics
because entanglement is even more endemic in algebraic quantum field theory than in
non-relativistic quantum mechanics (Bell’s inequality is violated even more dramatically
in algebraic quantum field theory than in non non-relativistic quantum mechanics, see the
papers [36], [37] [38] [39] [40] [32] [34], [7].) But one can argue, as von Neumann did in his
reply to Schrödinger’s entanglement papers that correlations between spacelike separated
local systems does not in and by itself make algebraic quantum field theory unacceptable
from a field theoretical point of view – as long as it is possible, in principle at least, to give
a causal explanation (in terms of local common causes) of the spacelike correlations (see
the paper [23] for an analysis of von Neumann’s position from this perspective). Whether
such local common cause explanations of the spacelike correlations predicted by algebraic
quantum field theory is possible within the framework of algebraic quantum field theory,
i.e. whether algebraic quantum field theory complies with Reichenbach’s Common Cause
Principle, is still an open question, only unsatisfactory results are known on the problem:
one can show that there exists common causes for correlations between projections lying
in von Neumann algebras associated with spacelike separated spacetime regions but the
common causes are known to be localized in the union rather than in the intersection of
the backward light cones of the regions that contain the correlated projections (see the
papers [21], [26] and [27] for these results).

Yet another position one can take is that Proposition 8 does entail that the Local
operations requirement is violated in algebraic quantum field theory hence algebraic
quantum field theory is not really compatible with the field theoretical paradigm after
all; that is to say, one can regard the definition of operational C∗-and W ∗-separability
(Definition 12) too weak. It would be interesting to explore how these definitions can be
strengthened and to see whether physically well-motivated stronger definitions of opera-
tional separability are satisfied in algebraic quantum field theory.
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[22] M. Rédei, editor. John von Neumann: Selected Letters, volume 27 of History of Math-
ematics, Rhode Island, 2005. American Mathematical Society and London Mathe-
matical Society.
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